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Abstract The number-phase quantization scheme of the capacitance coupling double
Josephson junction mesoscopic circuit is given. The eigenvalues and the eigenstates of the
system are investigated. It is found that using this system the entangled states can be pre-
pared.
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1 Introduction

In recent years, with the progress of the theory of quantum information and quantum com-
putation, the physical research on mesoscopic systems caused great interest [14, 15]. A prac-
tical quantum computer, if built, would be comprised of a set of coupled two-state quantum
systems [10], usually referred as quantum bits (qubits), whose coherent time evolution must
be controlled in a computation [6]. Experimentally, nuclear magnetic resonance in mole-
cules [13], trapped ions [4], and quantum optical systems [12] have been investigated for
embodying quantum computation. These systems have the advantages of high quantum co-
herence, but cannot be integrated easily to form large-scale circuits.

The macroscopic quantum effects in low-capacitance Josephson junction circuits have
been used to realize qubits for quantum information processing [8], and these qubits are
promising for quantum circuit integration for quantum computation. The charge qubit is
achieved in a Cooper-pair island, where, under some certain conditions, only two charge
states play an important role. It has been recognized using these circuits the logic operations
could be performed by controlling gate voltages or external magnetic fields [5, 6, 8]. The-
oretically and experimentally, the simplest model of Josephson junction charge qubit was
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proposed earlier [1, 11]. Subsequently, Makhlin et al. put forward the improved ideal de-
sign [6]. This design avoided an undesired phase evolution effectively, by tuning the energy
splitting between logical states during idle periods between operations. The next challenge
involved is to realize two-qubit gates by coupling charge qubits in a feasible way, since the
single qubit and two qubits controlled NOT (CNOT) gates together can be used to imple-
ment an arbitrary two-level unitary operation on the state space of n qubits [9]. In Ref. [16],
the writers proposed a scheme to couple charge qubits by mutual inductance and obtained
some instructive conclusions. Furthermore, for any system, the existence of entangled states
is at the heart of quantum information processing. Thus, it is significant to investigate how
to couple charge qubit structures and whether the entangled states can be prepared in the
coupling system.

In this paper, the entangled states of the capacitance coupling double Josephson junc-
tion mesoscopic circuit can be prepared. Firstly, we give the quantization scheme of the
capacitance coupling double Josephson junction mesoscopic circuit. Secondly, we exactly
formulate the Hamiltonian operator of the system in compact forms in spin-1/2 notation.
Finally, we investigate the entangled states which exist in this system.

2 Quantization of the Capacitance Coupling Double Josephson Junction Mesoscopic
Circuit

For the mesoscopic circuit with two Josephson junctions (see Fig. 1), it consists of three
different elementary sections: two single-qubit structures and a coupling capacitance Cc .
For each single-qubit structure, a superconducting island is coupled by a Josephson junction
(each with capacitance Cj and Josephson coupling energy Ej) to another superconductor
and through a capacitance Cgi to a voltage source Vgi .

In Ref. [3], Feynman et al. gave

ϕ̇j i = 2euji

�
(i = 1,2), (1)

where uji is the electric potential difference across the Josephson junction. So when tunnel-
ing from one side to another, the variation of Cooper-pair’s potential energy is

−
∫ t

0
ujiIc sinϕidt = Ej(1 − cosϕi) (i = 1,2), (2)

where Ic = 2eEj/� is the critical electric current of the Josephson junction. Thus, the po-
tential energy related to the generalized coordinates ϕ1 and ϕ2 of the system is

V =
∑
i=1,2

Ej(1 − cosϕi). (3)

Fig. 1 The mesoscopic circuit
with two Josephson junctions
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The kinetic energy related to ϕ̇i is

T =
∑
i=1,2

[
1

2
CΣi

(
�

2e

)2

ϕ̇2
i + �Ngiϕ̇i + 2N2

gie
2

Cgi

]
− Cc

(
�

2e

)2

ϕ̇1ϕ̇2, (4)

where Ngi = −CgiVgi

2e
, CΣi = Cj + Cc + Cgi . Then the Lagrangian function of the system

can be obtained

� = T −V =
∑
i=1,2

[
1

2
CΣi

(
�

2e

)2

ϕ̇2
i +�Ngiϕ̇i +

2N2
gie

2

Cgi

−Ej(1−cosϕi)

]
−Cc

(
�

2e

)2

ϕ̇1ϕ̇2.

(5)
Through the Josephson junction, Cooper-pairs can tunnel from or onto the island. The num-
ber ni (i = 1,2) of the excess Cooper-pairs on the island depends on the gate voltage Vgi .
The number ni satisfies the following relational expression

2n1e = �

2e
CΣ1ϕ̇1 − �

2e
Ccϕ̇2 + 2Ng1e, 2n2e = �

2e
CΣ2ϕ̇2 − �

2e
Ccϕ̇1 + 2Ng2e. (6)

The generalized momenta conjugated to ϕ1 and ϕ2 are, respectively,

p1 = ∂�

∂ϕ̇1
= �

2e

[
�

2e
CΣ1ϕ̇1 − �

2e
Ccϕ̇2 + 2Ng1e

]
= n1�, (7a)

p2 = ∂�

∂ϕ̇2
= �

2e

[
�

2e
CΣ2ϕ̇2 − �

2e
Ccϕ̇1 + 2Ng2e

]
= n2�. (7b)

Note in particular that the generalized momentum pi is proportional to ni .
Thus, from (5), (6) and (7), we can obtain the classical Hamiltonian of the system

H = H1 + H2 + Hint, (8)

where

Hi = 4E
(i)
c,j (ni − Ngi)

2 + Ej(1 − cosϕi) − 2N2
gie

2/Cgi (i = 1,2), (9a)

Hint = 4Ec,c

∏
i=1,2

(ni − Ngi), (9b)

E
(i)
c,j = e2

2C
(i)

j,eff

, Ec,c = e2

2Cc,eff
, (10)

C
(1)

j,eff = CΣ1 − C2
c

CΣ2
, C

(2)

j,eff = CΣ2 − C2
c

CΣ1
, Cc,eff = CΣ1CΣ2

CC

− CC, (11)

where Hi (i = 1,2) is the Hamiltonian of the single qubit structure, Hint is the coupling term
and E

(i)
c,j = e2/(2C

(i)

j,eff) is the single electron charging energy on the island. According to the
standard quantization principle, a pair of conjugated quantities ni and ϕi is associated with
a pair of Hermitian operators n̂i and ϕ̂i , respectively. They satisfy the commutation relation
[n̂i , ϕ̂i] = −i. Thus, the quantized Hamiltonian of the system can be written as

Ĥ = Ĥ1 + Ĥ2 + Ĥint, (12)
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where

Ĥi = 4E
(i)
c,j (n̂i − Ngi)

2 + Ej(1 − cos ϕ̂i ) − 2N2
gie

2/Cgi, (i = 1,2), (13a)

Ĥint = 4Ec,c

∏
i=1,2

(n̂i − Ngi). (13b)

3 Hamiltonian Operator of the System in Spin-1/2 Notation

Now we discuss the various contributions to Ĥ given by (12) in detail. Here, we choose the
material such that the superconducting energy gap � is the largest energy in the problem,
larger even than the single electron charging energy E

(i)
c,j on the island. In this case quasi-

particle tunneling is suppressed at low temperature, and a situation can be reached in which
no quasiparticle excitation is found on the island [7]. Moreover, we consider the system
in which the single electron charging energy is much larger than the Josephson coupling
energy, i.e., E

(i)
c,j � Ej . In this case, a convenient basis is formed by charge states, parame-

terized by the excess number ni of Cooper-pairs on the island [7]: n̂i |n〉i = ni |n〉i .
Charge Qubit-1 Structure From the commutation relation [n̂1, ϕ̂1] = −i, we obtain

[n̂1, exp(iϕ̂1)] = exp(iϕ̂1). (14)

Using (14) and the basis state |n〉1, we have

exp(iϕ̂1)|n〉1 = |n + 1〉1. (15a)

Similarly, we have

exp(−iϕ̂1)|n〉1 = |n − 1〉1. (15b)

Thus, we can deduce

cos ϕ̂1 = 1

2

∑
n

(|n + 1〉11〈n| + |n − 1〉11〈n|). (16)

In the condition of the low temperature, i.e., kBT � E
(i)
c,j [1], we concentrate on such a

voltage near a degeneracy point where only two charge states |0〉 and |1〉 play an important
role. While all other charge states, having a much higher energy, can be ignored [7]. In this
case, from (16) we obtain

cos ϕ̂1 = 1

2
(|0〉11〈1| + |1〉11〈0|) =

(
0 1/2

1/2 0

)
. (17)

Thus, the operator Ĥ1 can be presented as a matrix

Ĥ1 =
(

k1 k2

k2 k3

)
, (18)

where

k1 = 4E
(1)
c,jN

2
g1 + Ej − 2N2

g1e
2/Cg1, k2 = −Ej/2, (19a)

k3 = 4E
(1)
c,j (1 − Ng1)

2 + Ej − 2N2
g1e

2/Cg1. (19b)
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The eigenvalues of the operator Ĥ1 are

λ1 = 1

2

[
(k1 + k3) +

√
(k1 − k3)2 + 4k2

2

]
, λ′

1 = 1

2

[
(k1 + k3) −

√
(k1 − k3)2 + 4k2

2

]
,

(20)
and the corresponding eigenstates are, respectively,

|−〉1 = α1|0〉1 − β1|1〉1, |+〉1 = α′
1|0〉1 + β ′

1|1〉1, (21)

where α2
1 = 1 − β2

1 = k2
2/[(λ1 − k1)

2 + k2
2], α′2

1 = 1 − β ′2
1 = (λ′

1 − k3)
2/[(λ′

1 − k3)
2 + k2

2].
The operator Ĥ1 can be presented in spin-1/2 notation as

Ĥ1 = Γ1σ̂
(1)
x + Λ1σ̂

(1)
z + Ξ1, (22)

where

Γ1 = −Ej

2
, Λ1 = 2E

(1)
c,j (2Ng1 − 1),

Ξ1 = 2E
(1)
c,j − 4E

(1)
c,jNg1 + 4E

(1)
c,jN

2
g1 + Ej − 2N2

g1e
2

Cg1
.

(23)

For the special case of Ng1 = 1/2 which is near degeneracy point, by a suitable manipu-
lation of the gate voltage Vg1, the eigenstates of the operator Ĥ1 take the simple forms

|−〉1 = |0〉1 − |1〉1√
2

, |+〉1 = |0〉1 + |1〉1√
2

, (24)

which are known as computational basis states [9] usually used in quantum computation and
quantum information.

Charge Qubit-2 Structure The matrix form of the operator Ĥ2 is

Ĥ2 =
(

η1 η2

η2 η3

)
, (25)

where

η1 = 4E
(2)
c,jN

2
g2 + Ej − 2N2

g2e
2/Cg2, η2 = −Ej/2, (26a)

η3 = 4E
(2)
c,j (1 − Ng2)

2 + Ej − 2N2
g2e

2/Cg2. (26b)

The eigenvalues of the operator Ĥ2 are, respectively,

λ2 = 1

2

[
(η1 + η3) +

√
(η1 − η3)2 + 4η2

2

]
, λ′

2 = 1

2

[
(η1 + η3) −

√
(η1 − η3)2 + 4η2

2

]
,

(27)
and the corresponding eigenstates are, respectively,

|−〉2 = α2|0〉2 − β2|1〉2, |+〉2 = α′
2|0〉2 + β ′

2|1〉2, (28)

where α2
2 = 1 − β2

2 = k2
2/[(λ2 − η1)

2 + η2
2], α′2

2 = 1 − β ′2
2 = (λ′

2 − η3)
2/[(λ′

2 − η3)
2 + η2

2].
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The operator Ĥ2 can be presented in spin-1/2 notation as

Ĥ2 = Γ2σ̂
(2)
x + Λ2σ̂

(2)
z + Ξ2, (29)

where

Γ2 = −Ej

2
, Λ2 = 2E

(2)
c,j (2Ng2 − 1),

Ξ2 = 2E
(2)
c,j − 4E

(2)
c,jNg2 + 4E

(2)
c,jN

2
g2 + Ej − 2N2

g2e
2

Cg2
.

(30)

For the special case of Ng2 = 1/2 which is near degeneracy point, by a suitable manipu-
lation of the gate voltage Vg2, the eigenstates of the operator Ĥ2 take the simple forms

|−〉2 = |0〉2 − |1〉2√
2

, |+〉2 = |0〉2 + |1〉2√
2

. (31)

Coupling Term The coupling term Ĥint can be presented in spin-1/2 notation as

Ĥint = Λ
(1)

3 σ̂ (1)
z + Λ

(2)

3 σ̂ (2)
z + Λ3σ̂

(1)
z σ̂ (2)

z + Ξ3, (32)

where

Λ
(1)

3 = Ec,c(2Ng2 − 1), Λ
(2)

3 = Ec,c(2Ng1 − 1), Λ3 = Ec,c,

Ξ3 = Ec,c(2Ng1 − 1)(2Ng2 − 1).
(33)

Substituting (22), (29) and (32) into (12), we can presented the Hamiltonian operator Ĥ

of the system in spin-1/2 notation as

Ĥ = Γ1σ̂
(1)
x + Γ2σ̂

(2)
x + (Λ1 + Λ

(1)

3 )σ̂ (1)
z + (Λ2 + Λ

(2)

3 )σ̂ (2)
z + Λ3σ̂

(1)
z σ̂ (2)

z + Ξ1 + Ξ2 + Ξ3.

(34)
Using these compact forms, one can conveniently describe the evolution of the system in
the quantum computing language. According to the following unitary transformation

Û (τ ) = exp(−iĤ τ/�), (35)

the two-qubit operations can be realized.
For the special case of Ngi = 1/2 (i = 1,2) which is near the degeneracy point, (34)

becomes

Ĥ = −Ej/2σ̂ (1)
x − Ej/2σ̂ (2)

x + Ec,cσ̂
(1)
z σ̂ (2)

z + Ξ1 + Ξ2. (36)

From (36), one can see that the quantum two-level system can be regarded as a spin-1/2
“particle”. Here, the effective “magnetic field” is B(1)

x = B(2)
x = Ej and the exchange energy

between the two “particles” is Ec,c . Note that the Bohr magneto μB is in the definition of the
“magnetic field” B(i)

x . Because of the capacitance coupling, the Coulomb interaction leads
to an Ising type [2] coupling term ∝σ (1)

z σ (2)
z . Such a coupling allows easy realization of a

controlled-NOT operation [7].
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4 The Eigenstates of the System and the Entanglement

We are interested in the situation Ngi = 1/2 (i = 1,2) which is near degeneracy point. In this
case, the system can be characterized by the four basis states |+〉1|+〉2, |+〉1|−〉2, |−〉1|+〉2

and |−〉1|−〉2. Using the above four basis states, the Hamiltonian of the system is expressed
as

Ĥ =

⎛
⎜⎜⎝

E0 0 0 Ec,c

0 E1 Ec,c 0
0 Ec,c E1 0

Ec,c 0 0 E2

⎞
⎟⎟⎠ , (37)

which is a Hermitian matrix describing the two-level systems. Here,

E0 = Ej +
∑
i=1,2

[
E

(i)
c,j − e2

2Cgi

]
, E1 = 2Ej +

∑
i=1,2

[
E

(i)
c,j − e2

2Cgi

]
,

E2 = 3Ej +
∑
i=1,2

[
E

(i)
c,j − e2

2Cgi

]
.

The eigenvalues of the Hamiltonian operator Ĥ are, respectively,

ε1 = E1 − Ec,c, ε2 = E1 + Ec,c, (38a)

ε3 = 1

2

[
E0 + E2 −

√
(E0 −E2)2 +4E2

c,c

]
,

ε4 = 1

2

[
E0 + E2 +

√
(E0 −E2)2 +4E2

c,c

]
,

(38b)

and the corresponding normalized eigenstates are, respectively,

|ψ1〉 = [|−〉1|+〉2 − |+〉1|−〉2]/
√

2, (39a)

|ψ2〉 = [|−〉1|+〉2 + |+〉1|−〉2]/
√

2, (39b)

|ψ3〉 = [|−〉1|−〉2 − γ3|+〉1|+〉2]/
√

1 + γ 2
3 , (39c)

|ψ4〉 = [|−〉1|−〉2 − γ4|+〉1|+〉2]/
√

1 + γ 2
4 , (39d)

where

γ3 =
−E0 + E2 +

√
(E0 − E2)2 + 4E2

c,c

2Ec,c

,

γ4 =
−E0 + E2 −

√
(E0 − E2)2 + 4E2

c,c

2Ec,c

.

(40)

From (39a–39d), one can find, because of the capacitance coupling between the charge qubit
structures, the charge qubits are entangled with each other. Note in particular that, if initially
the system has been prepared in the state |ψ(t = 0)〉 = |−〉1|+〉2, when t → 0+ , it would be
entangled with |+〉1|−〉2 maximally. The precise forms of the entanglement are governed by
the central 2 × 2 block of the Hamiltonian matrix given by (37). At t > 0, the time evolution
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of the state describing the system is determined by the Hamiltonian matrix given by (37).
From (38–39) and by virtue of the spectral decomposition [9], one can easily obtain

|ψ(t)〉 = exp(−iĤ t/�)|−〉1|+〉2 = 1√
2
[e−i(E1−Ec,c)t/�|ψ1〉 + e−i(E1+Ec,c)t/�|ψ2〉]. (41)

From (41), it is found that the state |ψ(t)〉 oscillates coherently between |−〉1|+〉2 and
|+〉1|−〉2, which is regarded as quantum Rabi oscillations. An interesting quantity is the
probability distribution P1(t) to find the charge qubit-1 in the state |−〉1 after a certain time t .
The probability distribution P1(t) is

P1(t) = |1〈−|2〈+|ψ(t)〉|2 = 1

2
[1 + cos(2Ec,ct/�)]. (42)

From (42), one can see that the frequency of Rabi oscillation as a function of time is 2Ec,c/�.
Since the oscillations are characteristic for the entanglement realized in the system, their
measurement would provide direct evidence of the presence of the entangled states |ψ1〉
and |ψ2〉.

5 Conclusions

The number-phase quantization scheme of the capacitance coupling double Josephson junc-
tion mesoscopic circuit is proposed. Then, we exactly formulate the Hamiltonian operator
of the system in compact forms in spin-1/2 notation. Using these compact forms, one can
conveniently describe the evolution of the state of the systems in the quantum computation
language. Also, we investigate the eigenstates of the system. It is found that, because of the
capacitance coupling, the two charge qubits are entangled. The time evolution of the state of
the system shows oscillation. Since the oscillations are characteristic for the entanglement
realized in the system. Their measurement would provide direct evidence of the presence of
the entangled states. From the view of quantum computation and quantum information, the
above conclusions will be helpful to the study of entangled states.
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